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1. Let G be a graph with no loops or multiple edges having node 
set N(G) and edge set E(G). The elements of N(G) u E(G) are called elements 
of G. A node P is said to cover itself, all edges incident to P, and all nodes 
joined to P. An edge (P, Q) covers itself, the nodes P and Q, and all edges 
incident to P or Q. Two elements of G are called independent if neither one 
covers the other. A set % of elements of G is called a total cover if the elements 
of %Y cover all elements of G and V is minimal. A set 9 of elements of G 
is called total matching if the elements of 4 are pariwise independent and 4 
is maximal. For a fixed graph G, let 
up(G) = inf / V 1, CQ’(G) = sup j V ), 
where the inf and sup are taken over all total covers 5%‘. Similarly, let 
P2’(G) = inf j 4 i, ,4(G) = SUP i 3 I, 
where the inf and sup are taken over all total matchings X. These concepts 
and quantities were introduced in [I]. The rest&s of [l] are variations of 
earlier results of Gallai [a]. 
2. In [I] it was shown that if G is a connected graph of order n > 2, 
then 
and 
n < 4G) + P,(G) < @n - 1). 
It was conjectured in [l] that the upper bound for ,&‘(G) can be improved. 
The purpose of this note is to prove the following results: 
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(1) If G is a connected graph of order n 3 2 that does not contain a 
triangle, then 
4G) + F,(G) < 9n. 
This upper bound is best possible. 
(2) There exist arbitrary large IZ and connected graphs G of order n 
such that 
+z(G) + P,(G) > B. 
(3) Given E > 0, there exist arbitrary large n and connected graphs 
G of order n such that 
j!&‘(G) > (1 - E) n. 
3. Proof of (1). We proceed by induction. The statement is clearly 
true if n = 2 or 3. Henceforth we assume that G is a connected graph of order 
II 3 4 that does not contain a triangle and that (1) is true for connected 
graphs of order k, 2 < k < YE, that do not contain a triangle. Let 9 denote 
a largest independent set of elements in G, i.e., / 9 1 = p,(G). We assume, 
as we may w.l.g., that 9 contains the smallest possible number of edges 
among all independent sets of elements in G with cardinality P,(G). We 
consider four cases. 
Case (i). 4 contains no edge. In this case, by Gallai’s result [2], there 
exists a covering set %?*, consisting of nodes only, so that I 9 I + / V* j = IZ. 
Since (Ye < j %?* 1, we have a,(G) + P,(G) < n. 
Case (ii). 4 contains an edge (P, Q) and there are no end nodes joined 
to P or Q. Let Gj (1 < j < Y) denote the connected components obtained, 
when the nodes P and Q and all edges incident to them are removed from G. 
Letq(1 <j<r)betheorderofG,. Let4=YnGGj(1 dj<~)and 
let gj* (1 < j < r) be a smallest covering set for Gj . This construction 
implies that 
3 = (j ,a;. u (P, Q) 
j=l 
and that the set 
%T* = lj 5fj* u (P, Q) 
j=l 
(5) 
is a covering set for G. 
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Since in this case 2 < n, < n (I < j < r), by our induction hypothesis we 
have 
Therefore by (4), (5), and (6) 
= $(I? - 2) + 2, 
< $n. 
Case (iii). 4; contains an edge (P, Q) and there is exactly one end node 
joined either to P or to (2. Without loss of generality we may assume that 
end node R is joined to P. Because of the assumed minimality of the number 
of edges in 4, the node Q must be joined to a node S and S E 9. For, other- 
wise, the edge (P, Q) could be replaced by Q in 9, thereby reducing the 
number of edges in 9. Since there are no triangles in G, R f S. Let Gi 
(1 <j < u) denote the connected components obtained when the nodes 
P, Q, R, S and all edges incident to them are removed from G. Let izj be the 
order of Gj (1 < j < v). Let sj = 9 n G$ (1 < j < r) and let ‘gj* be a 
smallest covering set for Gj (1 < j < r). The construction implies that 
4 = (j 4 u (P, Q) u R v S. 
j=l 
(7) 
and that the set 
v* = ij +zjj” u (P, R) v (Q, S) 
j=l 
is a covering set for G. 
Now, by hypothesis, the inequality 1 3j j + ] Vj* / < $nj holds whenever 
nj 3 2. If ni = 1 for some i, then the single node Gi is joined to S, and hence, 
Gi $9. It follows that / J$ / = 0 and / %Yi* / = 1, and hence, the inequality 
1 9i 1 +- ( %‘* / < @zi holds in these cases too. 
From (7) and (8) we obtain now 
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Case (iv). 3 contains an edge (P, Q) and there are at least two end nodes 
joined to either P or Q. Let end nodes R, , R, ,..., R, be joined to either P 
or Q. Let Gj (1 <j < u) be the connected component obtained when 
removing the nodes P, Q, R, , R, ,..., R, and all edges incident to them from 
G. Let nj denote the order of Gj . Let S$ = 3 n Gj (1 \c j < r) and let gj* 
be a smallest covering set for Gj (1 < j < r). By our construction 
9 = fj 4 v (P, Q) u R, v ... v R, (9) 
i=l 
and the set 
is a covering set for G. 
Also, by assumption, nj > 2 for allj; thus, i Yj / + / %??” j < +zj (1 < j < r). 
Hence, by (9) and (lo), 
=$(n-v-2)+v+3 
= sn - gv - 2) 
since v b 2. 
In order to prove that inequality (1) is the best possible, let G be the graph 
consisting of the 4k nodes P, , P, ,..., Pzk:, Q, , Q, ,..., Qzk and of the 4k - 1 
edges (Pi , Pi+l), 1 < i < 2k - 1, (Qi , Pi), 1 < i < 2k. Clearly, the set 
consisting of nodes Q1 , Qz ,..., Qzk and of edges (PI , P& (P3 , P4) ,..., 
(PzkeI , P,,) is an independent set. Hence &(G) > 312. Since no element of 
any covering set can cover two of the nodes Q, , Qz i . . . . Q,, , we must have 
a,(G) 3 2k. For these graphs we have, therefore, 
and since G has no triangles, equality holds. 
Pvoof of (2). Let G be the graph of order n = 4k - 1 consisting of the 
nodes Pl , P, ,..., P,I, , Q, ,..., Q2~c--1 and of the edges (Pi, Pi+l), (Qi , P,), 
(Qi , Pi+& 1 < i < 2k - 1. The set consisting of nodes Q1 , Q2 ,..., Q,,-, 
and of edges (PI , PJ, (P, , P&..., (Pzk-, , P2J is an independent set. Hence 
p,(G) 2 3k - 1. 
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It is not hard to prove by induction that any covering set of G must con- 
tain at least 2k elements. Therefore, 
a,(G) + ,&(G) 2 5k - 1 = ?$(n + 1) - 1 > $z. 
Remark. It seems to be a reasonable conjecture that for every connected 
graph of order n, (n > 2), the inequality LX,(G) + pz(G) < (@] holds. 
We are able to prove only that B,(G) + P2(G) < Qn, if 12 > 2. 
Proofof(3). Let G be the graph of order IZ = m2 consisting of the com- 
plete m-graph with m - 1 end nodes joined to each vertex of the complete 
m-graph. 
It is not difficult to see that any maximal independent set must have at 
least 1 + (m - 1) m elements. For at most one vertex of the complete 
m-graph can belong to any independent set and therefore the (m - 1) m 
end nodes joined to the other vertices necessitate (m - 1) m independent 
elements. Thus, we have ,& > (m - 1) m-l n; letting m -+ co, we obtain (3). 
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